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Abstract

This paper presents the derivation of the dynamical motion equations for a one-link
flexible manipulator and some preliminary stability results using these equations. The
most general set of equations is derived under only the assumption of Hooke’s Law and
negligible longitudal deformation. The equations simplify first by further assuming
small bending deformations, and then small bending and rotational velocities. The
natural modes of the linearized partial differential equation are solved exactly, and they
are used to discretize the nonlinear small-bending equation. The resulting equation
has the same structure as the dynamical equation for rigid robots. An energy Lyapunov
function method is proposed for the stability analysis. Excellent agreement between the
analytic prediction and experimental results for the modal frequencies is also reported.

Keywords
Flexible manipulator; flexible beam; nonlinear dynamical model; energy Lyapunov analysis;
Hamilton’s principle.

1 Introduction

Research effort on the modeling and control of flexible manipulators has increased dramati-
cally in the recent years. This is motivated in part by the hope for higher speed, less weight,
and better energy consumption offered by such mechanisms. These issues are most relevant
in the context of space structure construction and operation.

Many dynamical models have been proposed for one-link flexible manipulators in the
past; ranging from the distributed parameter linearized model in (1, 2, 3, 4, 5, 6] to some
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recent nonlinear models such as the distributed model in [7] and the finite, discretized models
in [8, 9]. All of the above are based on the small deformation assumption, and there were
some confusion about the boundary condition (such as in (1, 4, 5]). This paper derives
the dynamical motion equation under the mild assumption of Hooke’s Law (between stress
and strain) and negligible elongation. The small deformation assumption is then applied to
simplify the model to the form as that in [7]. Finally, the hub and bending velocities are
further assumed small, and we obtain a set of linearized equations. These equations are the
same as that in [3, 6}, but the integral term in the equation is removed, resulting in a much
simplified set of equations.

The natural modes of the linearized equation can be derived exactly. As pointed out
in [6] (and also alluded to in [10]), the characteristic equation for the modal frequency is a
linear combination of the characteristic equations of the clamped-free case and the pinned-
free case; whether it is closer to one case versus the other depends on the hub inertia.
The set of natural modes is then used to discretize the nonlinear equation of motion under
the small bending assumption. The resulting equation is of the same form as the robotic
equation of motion except only one actuator is present for the infinite degrees of freedom.
Through a passivity analysis based on an energy-motivated Lyapunov function, we show that
the proportional plus derivative feedback of the rotational angle is globally asymptotically
stabilizing if a mild detectability and stabilizability condition is satisfied.

Some experimental results are also included, showing the excellent agreement between
the analytic prediction and experimental data for the first nine bending modes.

This paper is organized as follows: The large deformation model is derived by using the
Hamilton’s principle in section 2. Small-bending model and then the linearized model are
obtained under the corresponding assumptions. The natural modes for the linearized model
are obtained in section 4 and they are used to discretize the small-bending model. The
energy Lyapunov function analysis is used to show the global stability of PD joint angle
feedback.

2 Nonlinear Dynamical Motion Equations

The flexible manipulator to be considered is a beam of length L fixed on a hub with rotational
inertia Iy in the horizontal plane as shown in Fig.1. Let (z° y°) be the inertial coordinate
system and (z,y) be the coordinate system that rotates with the hub.

The motion of the manipulator has been described by the angular rotation ¢ due to the
hub rotation, and the horizontal displacement u and the vertical displacement w of the beam

with respect to (z,y) coordinate. Clearly, the base coordinate of an arbitrary point at the
longitudinal axis undergoing the deformation (u, w) is,

2%(z,t) = [z + u(z, t)] cos ¢(t) — w(z,t)sin ¢(t) (1)
¥%(z,t) = [z + u(z, t)]sin 6(t) + w(z,t) cos ()

consequently, the square of velocity of the point is ,
(2% + (5% = (= we)’ + [(u + 2)9 + W]’ = AL + 4]
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Figure 1: Cantilevered Beam attached to Rotating Hub

where

Ar =% — we), Ay =(u+z)p+ 0}

As in the theory of bending of beams, we have used the normal plane assumption, that is,
the entire transverse section of the beam remains planar and normal to the longitudinal axis
of the beam after bending [11]. With this assumption, the following equation can be derived,

1 M
=== (2)
pa EI

where pq denotes the radius of curvature of the deflected axis of the beam, M the corre-

sponding external bending moment, and ET the flexural rigidity of the beam.

Let 8 be the angle between the tangent of the deflected axis and z-axis. From geometry,
it follows that ! 56

—_= . 3

pa Oz ()
Since the elongation of the longitudinal axis is assumed to be negligible, the following relation
between 8 and displacements u and w can be obtained,

Ou . dw
cos9=E+1, sme—g (4)
Since u(0,t)=0 and w(0, t)=0, © and w can be determined in terms of 8 by
u(z, 1) =/0 cosO(,1)dE —z,  w(z,t) = /0 sin 8(€, t)dé. (5)
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A variational approach is used to derive the dynamical motion equations of flexible ma-
nipulators. To this end, we need the kinetic energy T and potential energy V of the system,
and the nonconservative work W by the input torque 7 applied on the hub:

_ 1. _l_L 20\3 | (:0\2

T = sIad+3 [ ol + (") de,
1 L a9\*

vV = 5/0 EI(E) dz,

W = 14¢.

where p is the beam density (mass per unit length).
Hamilton’s Principle [12] states that,

5ﬁ(T-—-V+W)dt=0
To carry out the variational calculation, we first note that

SOUEP + @] = A58, +4,80,

A (66 — wEd — déw) + A, [t + (u + 3)66 + Péu]
2,00+ (5 + 9)By — w08 + 00 + (¢4, — A,)6u
+ WA, — (U 3)Bg0¢ — (dAs + A,)Sw

I

therefore,

b b - b L . . : . .
§ / Tdt = — / I d6bdt+ / /0 [($A,—A,)6u—Ta F 3)By — W 86— ($As+A, )Sw|pdzdt.
Note that all variations at a and b are zero. From Appendix I,
/ " Se)bu(z)dz = — / ¥ sin 0()86(¢) / * S(2)dzde
0 0 ¢ ’
/ “ S(2)bw(z)dz = / ¥ cos 8(£)56(€) / ¥ S(z)dzde
) 0 € )

After substitution, we arrive at

6/6 Tdt = - /b IHJ)&ﬁdt - /6 /(;L (u+ a:)Ay — wA pdzdpdt
- /: /OL /:[(éSA,, — A,)sin8(€) + (94, + A,) cos 8(£)]66(¢) p dz dE dt

For the potential energy and external work, we have

5 b L 528 ) 5
5/ th=_//0 E1=—80 dz dt 5/ Wdt:/ répdt.
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Substituting these variational expressions into Hamilton’s Principle, we obtain the fol-
lowing governing integro-partial differential equations for dynamical motion of flexible ma-
nipulators,

Ezg = ,L p {[$04(€) — Ac(€)]sin b(z) + [$A2(6) + Ay(€)] cos () } dé (6)
T = IH& + g-t.,/oL p[(u + f)Ay(E) - wAt(f)]df (7)

with the boundary conditions:
6(0,t) = 0; ¢(L,t)=0 z=1 (8)

The governing equations (6)—(7) and boundary conditions (8) constitute the nonlinear dy-
namical motion equations for one-link flexible manipulators.

3 Linearized Dynamical Motion Equations

Equations (6)—(8) are integro—differential equations which are difficult to work with directly.
We adopt the approach of first linearizing the equation of motion and obtain the natural
modes, and then use the natural modes as a basis of expansion for the general solution of
the nonlinear equation. To this end, assume that the angle § and all velocity quantities are
small and all terms higher than second order are negligible.

Lo e
pa Oz Bz*

Differentiating (6) with respect to z, and keeping only the linear terms, we obtain the Euler-
Bernoulli model for the beam dynamics:

w - -
EIE;T-FP(I(D-*-‘LO) =0, (9)
with the boundary condition
w(0,t) = 0, w'(0,t) = 0, w"(L,t) = 0, w”(L,t) =0, (10)

and the hub dynamics is given by

- d L.
T_IH¢-E£/0 z{zo + w)pdz = 0. (11)

Equations (9) and (11), and the corresponding initial and boundary conditions have been
obtained by (3, 6]. The integral equation (11) can be reduced to an algebraic equation. This
is accomplished by multiplying both sides of (9) by z and then integrating over [0, L]. The
result is,

Fw

ox3 T

L *w
0 Elﬁ

L

d (& .
EI ) +I/o (¢ + w)pdz = 0.
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After substitution, (11) can be written as,
7 —Iy¢ + ETw"(0,t) = 0.

Let v = w + z¢, equations (9) and (11) can be rewritten as,

v v
- —_— 2
E:Iax“ + p3t2 0 (12)
r - Iy¢ + EIV"(0,t) = 0. (13)

The corresponding boundary conditions can be obtained from those for w and ¢ as
v(0,t) =0, v'(0,t)=¢ v"(L,t) =0, v"(L,t)=0. (14)

Equations (12) and (13) are the most widely used governing equations for one-link flexible
manipulators, {1, 5]. (However, the additional term pzh appeared in [5] should be removed).
It should be pointed out that in (1, 5], equation (13) had been actually considered as a
boundary condition and the second equation (clamping condition) in boundary conditions
(14) had not been included. The consequence of such practice is that w and ¢ can not
be determined simultaneously since the system of equations becomes underconstrained. To
solve w and ¢ simultaneously, we believe the clamping condition is required. This can also be
justified by the following boundary variational condition resulted from Hamilton Principle:

FPw dw; 0
dz3 dzlz=0 "~ 7’
Therefore, either 3*w/0z% = 0 or dw/8z = 0 has to be true at z = 0. Since it has been

assumed that the flexible beam is fixed on the hub, the clamping condition holds. In [4], the
correct boundary conditions (14) are included but the v”(0,t) term in (13) was missing.

EI

4 Discretization of Linearized Equation along Natu-
ral Modes

A common way to discretize the linearized partial differential equation (12)-(14) is to perform
an eigenanalysis. To this end, consider a sinusoidal torque 7 = 7, sin(wt) applied at the hub.
It is easy to show that the explicit solution of (12)-(14) can be obtained as

#(t) = ¢,sin(wt) (15)
v(z,t) = wv,(z)sin(wt) . (16)

Substituting the expression back into the partial differential equation (12) results in a fourth-
order ordinary differential equation

EIv™ — puv, =0 . (17)

o —

The solution of this equation is given by (except for the rigid body, or the zero frequency
solution)

vo(z) = Asin(kz) + Bsinh(kz) + C cos(kz) + D cosh(kz) (18)
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S —
mode number | analytic (Hz) | experimental (Hz)
0 0 0
1 2.969 2.85
2 7.261 7.20
3 17.98 18.42
4 34.75 35.65
5 57.28 58.70
6 85.48 88.00
7 119.3 126.3
8 158.9 166.6
9 204.0 214.4

Table 1: Modal Frequency Comparison

where
EIKk* = pwz. (19)

Substituting into Eq. (13) and (14) result in the following matrix equation for the unknown
constants A, B, C, D, and ¢,:

0 0 1 1 0 17T A7 [0 ]

E k 0 0 -1 B 0

—s sh —c ch 0O Cl=10 (20)
—c¢c ¢c¢ch s sh 0 D 0

0 o -k K &f||e] [FH.

where we have used the short hand notation s for sin(kL), ¢ for cos(kL), sh for sinh(kL),
and ch for cosh(kL). Define the 5 x 5 matrix in the above equation as A. Then the resonant
frequencies are given by the solution of det A4 = 0 which can be further written as (as in [6])

ITHk:’(1+cch)+(sch-csh)=0. (21)

Note the expression in the first set of parentheses equal to zero is the resonant frequency
condition for a clamped-free beam and the expression in the second set of parentheses
equal to zero is the resonant frequency condition for a pinned-free beam. The countably
infinite number of solutions of (21) correspond to the resonant frequencies of the linearized
rotating beam. In contrast to the assumed mode approach, there is no approximation in
this expression. Therefore, fewer number of calculations need to be performed for a required
number of modes, with higher accuracy.

When w = 0, which corresponds to the rigid body mode, the eigenfunction is %o(z) = cz,
where c is the normalization constant.

Table 1 lists the experimentally obtained modal frequencies for the first nine bending
modes. They agree with the analytic prediction to within +5%.



Denote the nth solution, n = 1,2,..., by k,, and the nth resonant frequency as wn. The
vector [A, B, C, D, $,)T that lies in the null space of A evaluated at k, gives the eigenvector

PYn(z):

Pn(2) = Apsin(k,z) + B, sinh(kaz) + C, cos(kaz) + Dy cosh(k,z) (22)
where C, is chosen as the arbitrary constant and
cch + ssh +1
An = —sch + csh Ca
2p 9
= —_——C = 23
B, Ta k;.,‘C'n An (23)
D, = -C,

From (13) and (14) with 7 = 0, 1, satisfies the following boundary conditions:

¥n(0) = ¥,(0) = ¥n(L) = ¥7(L) =0
EI¥}(0) = —Igwa’4,,(0). (24)

The arbitrary constant can be chosen as a normalization constant. To derive the or-
thonormality condition, we substitute the eigenfunction ¥, (z) into (17) and take the L,[0, L]
innerproduct with ¥, (z). After integration by parts, we obtain the orthonormality condi-
tion:

(s ) + 5}¢;(0)w;(0) = abpm (25)

where a is a constant that keeps the units consistent (therefore, a has the unit of distance
cube), &, is the Kronecker delta function. Note that a is usually set to be zero once a
distance unit is chosen.

The normalized rigid body mode can be explicitly calculated

1
L3 Ig\~?
'(/Jo(z) = \/Z (T + —H) . (26)
p
To discretize the linearized partial differential equation (12)-(14), the solution is ex-
panded along the eigenfunctions:

v(z.t) = ij: an(tybn(2) (27)

where ¢,(t) is called the modal amplitude function and %,(z) is called the mode shape.
Substituting into the linearized PDE and apply integration by parts (see Appendix II), we

have ' (0
#(0)
ap

Gn +Wn'gn = (28)

In the first order vectorial form, we have

[g]=[-%’ é]M*[aﬂa]f (29)



where ¢ is an infinite dimensional column vector, 0 and [ are infinite dimensional zero and
identity matrices, respectively, Q is a diagonal matrix with nth diagonal entry wn, and B is
a column with nth element 11’-;"-,(9)-

Eq. (29) is of the form

0 I
MRS =

where D may be a visco—elastic damping operator (a 0 operator in the present case). The
underlying space is X 2 £2(0,00) x £(0,00). The domain of the operator A is D(4) =
D(Q?) x D(D) where

DY) = {q € £3(0,00) : iwnzq,, < oo}

n=0

and the domain of D is

D(D) = {q € £(0,00) : Dg is bounded. }.

5 Discretization of the Nonlinear Model

The eigenfunction expansion (27) can be used to discretize the nonlinear dynamical equation
given in (6-8). To keep the equations tractable, we assume small bending, i.e., w' is small.
Specifically, w and w’ are assumed to be of the same order, say O(¢), where ¢ is small. All
velocities are assumed to be order 1. Terms with up to quadratic power of € are kept in
the expansion, so the equation of motion is valid up to the linear term in e. This approach
is the same as that in [9], except we do not assume small velocity. This results in nonzero
centrifugal and Coriolis forces which were missing in the equation in [9]. The importance of
these terms is in the preservation of the conservative property of the open loop system after
the approximation. We shall see that this fact has an important consequence in the stability
analysis. With the stated approximation, the kinetic energy becomes

1 L. 1 ; 1 L, y . L.
= -‘-?-pA o2 dz+§IHd>2+§p/0 [u2+w2<p2—2wucp+2u¢v] (31)
where u and % are approximated by
1 r= ,
uz,t) = -3 [ wi(e0%d (32)
uz,t) = - [ wi(EOw(E ) de. (33)

The kinetic energy can be expanded along the natural modes of the linearized system. Then,

l,
T ==¢"M(q)q

where the mass matrix is

L
M{q) = al+ /0 A(z)qq” A(z) dz + qT 4,q¥'(0)¥'T(0)

+ 29 [/0 “(W12) — 2 W) A() dz| q¥T(0) - ¥(0)gT /OL A(z)qU7(z) dz (34)
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q, ¥(z), ¥'(0) are infinite dimensional vectors for modal amplitudes, eigenfunctions evaluated
at z, and the spatial derivative of eigenfunction evaluated at 0, respectively, and

A@) = [(W(O) - PONTE) - ¥O) i
A = fo (¥(z) — 2% (0))(¥(z) — z¥'(0))T dz.

The modal coordinate q is a generalized coordinate and the discretized kinetic energy can
be used to find the Coriolis and centrifugal accelerations from

d (0T oT
Clg,9)4= % (3—4) =%

After some algebra, the following expression is obtained:
cdi={[[ (5 -F) ¥ - wO)¥e) - VO &
L
- [[(¥(@) - 2 ¥ ()(¥(z) - 2%(0))7 dz] g ¥'(0)¥7(0)
+29'(0)g” / L(\Il(a:) — z0'(0))(¥(z) — z¥'(0))T dz ¥'T(0)4
~247¥(0) / (— - —)(W'( ) = W(0))(¥'(z) - ¥(0))” dz ¢¥'7(0)
+2(F @ 1) /0 ( L ¥(€) dE) ® (¥'(z) — ¥(0)))(¥(2) — ¥'(0))T dz|q¥'7 (0)
@D [ (W) - W(O) ® ([ ¥(E)de)) (¥(z) - W(0)7 de q¥/(0)7 }i(35)

The discretized nonlinear dynamic equation accurate up to quadratic terms in w and w’ can
now be stated (generalizing (29)):

M(q) + C(q,9)¢ + aQ?q = p~'¥'(0)r = Br. (36)
This can be shown to correspond to the discretization of the following partial differential

equation (generalizing (9)):

. 2 2
+eht Sl s ud s ¢’%[(%-”’7) w'}

+24 {E[w'/: w €] -/: W'’ }+{% [w'/;/: u’:”dndf] -/0’ u'ﬂdgw'}(:m

The boundary conditions and the dynamic equation for ¢ are the same as before:
- Iyd+ EIw"(0,t) = 0 (38)
w(0,t) =0, '(0,t)=0 w’(L,t) =0, w"(L,t)=0. (39)

This model generalizes the one in [13] in which only the nonlinear term ¢* [("2 ") ]

was included. This model also generalizes the one in [7], in which some but not all of the
nonlinear terms are included, which implies the conservative nature of the open loop system
is not preserved under the approximation.
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6 Passivity, Control, and Stability Analysis

The centrifugal and Coriolis term C(q, §)q is related to the nonlinear mass matrix in an
important way. Define Mp from the following relationship

M(q,§)z = Mp(g,2)4.

Then it is easy to show (same as in [14]) that one choice of C (it is not unique) is

Cla, §) = Mo(g,4) — 5Mp7(g, ). (40)

This relationship has been exploited extensively in the rigid robotics literature for stability
analysis and control design, see for example [15, 14]. In fact, we can now show that joint
angle proportional-derivative (PD) control is a stabilizing control law. Consider the following
Lyapunov function candidate

. 1, . 1 1
V(:4) = 54" M(q)g + 54" Vg + 5q" BK, B¢ (41)
The derivative of V' along the solution is

V(g,d) = ¢F(—aQ%+ Br—Cl(q,4)§+ 5M(q,9) + at%)
= ¢’ Br.

Note that the contribution due to C(g, §) drops out due to the structure given in (40). The
above energy Lyapunov analysis confirms the fact that the map from 7 to B7¢ (i.e., the
joint angular velocity) is passive which is also the well-known sensor/actuator colocation
condition. Note that if nonlinear terms are only retained in M but not in C as in {9] (i.e.,
setting it to zero, by assuming small §), there would be an M term in V, thus the passivity
property would be destroyed. If = is chosen as a simple joint angle PD control law

T= _A’PBT(q - qdcs) - KvBTq.'l (42)
where qq., is chosen to satisfy

Bques = ¢de:
qug, = 0

T

simultaneously. It is possible to choose such gq4., since [ Q

] is onto (note that the first

component of B is p~! (%3- + -I-p”-) which is non-zero).

With the joint angle PD control, the closed loop system is stable from the fact that
= —K,(BT§)? £ 0. Since V < 0 implies all trajectories are uniformly bound in ¢, by [16],
the joint angular velocity B7 §(t) tends to zero as ¢ — co. From the governing equation (36),
all higher derivatives ¢ are uniformly bounded. Using Proposition 1 in {17], it follows that
BT%'Z{Q- converges to zero in norm for & > 0.

11



At this point, we revert to a local analysis for the linearized system, i.e., consider a neigh-
borhood of the zero equilibrium where ¢ is sufficiently small in which asymptotic convergence
for equation (29) implies asymptotic convergence for the nonlinear system described (36). If
only a finite number of modes is undamped, and the damping operator D is bounded relative
to Q2 the closed loop infinitesimal generator (which is of the same form as A in (30) except
D is replaced by D + BK,BT and 2* by Q2 + BK,BT) has compact resolvent [18, Section
3.4] which implies that all bounded trajectories are precompact (19, Theorem 5.2]. Hence,
the invariance principle can be applied to the closed loop infinite-dimensional system, i.e.,
all trajectories converge to the largest invariant set in

Q2 {(g,9): Bg=0}. (43)

If BT is detectable, then the largest invariant set in Q is just the origin and the zero
equilibrium is asymptotically stable. When does the detectability condition hold? Without
loss of generality, assume the first N modes are undamped. Therefore, to check detectability,
we only need to check the observability of the first N modes. By forming the observability
matrix, it follows that if the N x N matrix

BT
o8 BTK?

b

BTK;(N-I)

where K & Q2 +BK,BT, is invertible, then the observability condition holds and the flexible
beam, with N unstable modes, is stabilized with just joint angle PD feedback. The condition
that O is invertible is very mild, in fact, it is exactly the same as the stabilizability condition
from joint torque.

The above discussion can also be viewed from a general passivity perspective (this line
of reasoning was originally proposed for flexible joint control {20]). This discussion is best
understood through a number of steps:

1. First consider just the joint angular position feedback r = 7, — K, BTAq. Then the
map from 7; to B7q is passive by following the above Lyapunov argument.

2. Let C be any strictly passive map that takes BT§ to n:
n =1, —C(BT§).
The constant gain K, feedback is a special case.
3. By the Passivity Theorem [21], the map that takes m; to BT §is L,—input/output stable.

4. If the closed loop system is detectable with respect to BT ¢ and stabilizable with respect
to 19, then the system is internally asymptotically stable.

If the feedback C is restricted to be linear, then it must be strictly positive real [22, 23].
An open and very interesting problem is on choosing a strictly positive real C so that some
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performance measure (e.g., Ho norm of some input/output pair for the linearized system)
is optimized. Another implication of the above discussion is that any feedback controller
from BT g to 7, which is itself stable can be “robustified” by adding in a suitable amount of
constant gain feedback. Sample data system can be included in this discussion by including
the sampler and zero—order-hold in the consideration of passivity for the feedback system.

7 Concluding Remarks

A nonlinear dynamical model for one-link flexible manipulators undergoing large deforma-
tion has been developed by using Hamilton’s Principle. The governing motion equations
in this model are two highly coupled integro-partial differential equations. The paper has
demonstrated that various types of simplified motion equations can be derived systemati-
cally from nonlinear equations by assuming small bending and then small velocity. It has
also been argued that the clamping boundary condition at the hub end should be specified
explicitly in order to determine the beam deformation and hub rotation simultaneously. The
linearized equation is used to derive the modal frequencies and mode shapes which are in
turn used to discretize the small bending nonlinear equation. A stability analysis using the

passivity property of this equation is performed.to show that joint PD control is globally
stabilizing.
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Appendix I
By Dirichlet formula:

foL [ 1 6)dgdz = [ ’ Ji * f(a, £)dzde.

Since,

Su(z,t) = - [ sinb(6,1)38(6)dE,  bulz,t) = [ conB(€, 1)86(6)dE
therefore,
/0 " S(z)bu(z)dz = - /0 " 5(2) /o " sin 0(£)60(€)dédz = — /0 © sin8(€)68(€) / ¥ S(z)dzde,
L L T L L ¢
/0 S(z)6w(z)de = /o (z) /0 cos 0(£)60(€)dédz = /0 cos 6(£)60(€) /E (z)dzde.

Appendix II

Innerproduct both sides of (12) with ¥, and substitute in the expansion (27) and bound-
ary condition (24) , we have

5 i i) + 2L (0" f = w0 [+ ) - e+ 0, 9)

n=0
= 3 i () + ZL(5"(0,060(0) = V(0,005 (0)) + o (v, )
= 3+ ) () + 41 (0) 3 + a4 (0) - .

n= n=0

- T
= a(‘]ﬂt + Wm2Qm) - ;

where the last expression is obtained by using the orthonormality condition (25).
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